
Square root process/law

Square root process is any stochastic process defined by the equation:

dX(t) = σt2
√
|X(t)|dW (t) + µtdt, where σt is deterministic function and µt

an adapted to the Brownian filtration process.
We shall analyse particular cases.
The easiest example is X(t) = B2(t) where B(t) is standard Brownian

Motion. In this case

W (t) =
∫ t

0
sgnB(s)dB(s),

where

sgn x =

{
−1 if x ≤ 0
1 if x > 0,

and we have

dX(t) = 2
√
X(t)dW (t) + 1dt, X(0) = x > 0. (1)

More general square root process called squared Bessel process of dimension
δ ≥ 0, and denoted BESQδ(x), is defined as the unique strong solution of

dX(t) = 2
√
X(t)dW (t) + δt, X(0) = x ≥ 0, (2)

In this case X(t) ≥ 0, for all t.
If δ = n (a positive integer), then X(t) can be written as B2

1 + · · · +
B2
n, where Bi are independent copies of Brownian Motion. In other words,

(B1, . . . , Bn) is n–dimensional Brownian Motion.
ν = δ/2− 1 is called index of the process.
The behavior of this process depends on δ. If δ ≥ 2, then the process

X(t), will never hit zero, and if 0 < δ < 2, then zero, although almost surely
accessible, acts as an instantaneously reflecting barrier. If δ = 0, then zero
is an absorbing barrier.

Let 0 ≤ δ < 2, and x > 0, then the first hitting time T of zero has the
density:

fT (t) =
1

tΓ(ν̂)

(
x

2t

)ν̂
exp

(
− x

2t

)
, where ν̂ = δ̂/2− 1 and δ̂ = 4− δ. (3)

Calculations concerning hitting time of any other barrier are much more
complicated as explained in (Göing and Yor, 1999).



We have

Eδ
x(exp−λX(t)) = (1 + 2λt)−

δ
2 exp

[
−λx

(1 + 2λt)

]
, and for δ > 0, x > 0 (4)

the transition density at t > 0 is

qδt (x, y) =
1

2t

(
y

x

) ν
2

exp

[(
−(x+ y)

2t

)
Iν

(√
xy

t

)]
, y ≥ 0,

and

Iν(z) =
∞∑
k=0

(
z
2

)2k+ν

k!Γ(k + ν + 1)
.

More generally, for any a ≥ 0, b 6= 0

Eδ
x exp(−aX(t)− b2

2

∫ t

0
X(s)ds

=
[
cosh(bt) + 2ab−1sinh(bt)

]− δ
2 exp

{
−xb[1 + 2ab−1coth(bt)]

2 (coth(bt) + 2ab−1)

}
. (5)

We have two important properties:

i) Scaling. If X is BESQδ(x), then for any c > 0, the process c−1X(ct)
is BESQδ(x/c).

ii) Additivity, sometimes called Pythagoras theorem

BESQδ(x) ∗BESQδ(x′) = BESQδ+δ′(x+ x′), (6)

where “∗” means independent sum.

Note: The square root of a squared Bessel process, called Bessel process
plays an important role in pricing Asian and passport options.

If δ ≥ 2, x > 0, then zero is inaccessible. Therefore, by Itô formula, we
have for

U(t) =
√
X(t),

dU(t) = dW (s) +
δ − 1

2

∫ t

0
(U(s))−1ds. (7)

The next class of processes will be squared Bessel processes with linear drifts.



We define BESQδ
β(x), x ≥ 0 as the unique strong solution of

dY (t) = 2
√
Y (t)dW (t) + (2βY (t) + δ)dt, Y (0) = x (8)

The family of this processes also satisfies the Pythagoras theorem but with
the same β in both cases:

BESQδ
β(x) ∗BESQδ′

β (x′) = BESQδ+δ′

β (x+ x′). (9)

There are two basic techniques to obtain the process Y (t) from X(t), which
is BESQδ(x).

i) Change of time

Y (t) = e2βtX

(
1− e−2βt

2β

)
. (10)

ii) Change of law by Girsanov’s theorem.

Denote by βQδ
x (Qδ

x resp.) the law of the processesBESQδ
β(x) and (BESQδ(x)

resp.)
Let Ft = σ(X(s), 0 ≤ s ≤ t).
Then on Ft

dβQδ
x

dQδ
x

= exp

(
β

2
[X(t)− x− δt]− β2

2

∫ t

0
X(s)ds

)
, (11)

which is a martingale.
From i) we obtain the transitions density for the process Y (t), where

β 6= 0, δ > 0, x > 0.

βqδt (x, y) =
β

2sinh(βt)

(
y

x

)ν/2
exp

[
−β(1 + ν)t+

xeβt + ye−βt

2sinh(βt)

]
Iν

(
β
√
xy

sinh(βt)

)
(12)

for any y ≥ 0
If β < 0 we obtain the Cox, Ingersoll & Ross model (CIR) (with σ = 2

and different then usual parametrization).
For δ < 2, −β > 0 we have the density of the first hitting time T of 0:

−βρδT (t) =
x1−δ/2

2νΓ(ν)
exp

[
β

2
(δt+ x(1− coth(βt)))

] [
β

sinh(βt)

] 4−δ
2

, (13)



x > 0, and ν = 4−δ
2
− 1.

There are many further extensions of the BESQδ processes with more or
less explicit calculations.

Consider the process Y (t):

dY (t) = 2
√
Y (t)dW (t) + (2βtY (t) + δ)dt, (14)

and Z(t) = σtY (t), where βt ≥ 0, and σt > 0 are deterministic differenciable
functions.

Then

dZ(t) = 2
√
σtZ(t)dW (t) +

{[
2βt +

σ′t
σt

]
Z(t) + δσt

}
dt. (15)

Now we have:

E(exp(−
∫ u

0
Z(s)ds) = exp

{[
lnϕu(u)−

∫ u

0
βsds

]
δ + x(−β0 + ϕ′u(0))

}
,

x =
Z(0)

σ0

. (16)

Where in (0, u), ϕu(s) = ϕ(s) satisfies:

ϕ
′′
(s)

ϕ(s)
= β2

s + β′x + 2σs,

ϕ−(u)

ϕ(u)
= βu, ϕ(0) = 1, and

ϕ− is the left hand side derivative. Calculations can be found in (Szatzschnei-
der, 2002), and in general in (Revuz and Yor, 1998).

Another extension of the process Y (t) considers a stochastic (adapted)
process δs, instead of δ.

dZ(s) = 2
√
Z(s)dW (s) + (δs + 2βZ(s))ds, β < 0, δx > 0, and (17)

δs > 0 is called the stochastic reversion–level–determining process:
As before we will denote its law βQδ

x.
We will write here the law of

Z(t) = e2βtX

(
1− e−2βt

2β

)
(18)



(being X(t), BESQδ(x)), which is βQδ′
x with

δ′(u) = δ

(
1− e−2βu

2β

)
. (19)

If
dX(t) = 2

√
X(t)dW (t) + δ(t)dt (20)

where δ(t) is a deterministic function of time, X(0) = x > 0, then

Ex(exp−λX(t)) = exp

{
−λ x

1 + 2λt
−
∫ t

0

λδ(s)

1 + 2λ(t− s)
ds

}
. (21)

The process called double square root model, is defined in (Longstaff, 1989):

dr(t) = 2σ
√
r(t)dW (t) + (1− κ

√
r(t) + 2βr(t))dt

κ > 0, β < 0. (22)

It seems impossible to find explicitly

E
(

exp−
∫ t

0
r(s)ds

)
in this model.

If t is replaced by τ , then calculations are semi explicit (in the sense
that involves very complicated integrals). Here τ is an exponential variable
independent of the process.

Finally we will mention squared Bessel processes with negative dimen-
sions:

dX(t) = 2
√
|X(t)|dW (t) + δdt, where δ < 0, X(0) = x > 0. (23)

In this case the Pythagoras theorem is no longer valid, an the analysis of
these processes becomes more difficult, cf (Göing and Yor, 1999).
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